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Locking of Turing patterns in the chlorine dioxide–iodine–malonic acid

reaction with one-dimensional spatial periodic forcing
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We use the photosensitive chlorine dioxide–iodine–malonic acid reaction–diffusion system to

study wavenumber locking of Turing patterns with spatial periodic forcing. Wavenumber-locked

stripe patterns are the typical resonant structures that labyrinthine patterns exhibit in response to

one-dimensional forcing by illumination when images of stripes are projected on a working

medium. Our experimental results reveal that segmented oblique, hexagonal and rectangular

patterns can also be obtained. However, these two-dimensional resonant structures only develop

in a relatively narrow range of forcing parameters, where the unforced stripe pattern is in close

proximity to the domain of hexagonal patterns. Numerical simulations based on a model that

incorporates the forcing by illumination using an additive term reproduce well the experimental

observations. These findings confirm that additive one-dimensional forcing can generate a

two-dimensional resonant response. However, such a response is considerably less robust than the

effect of multiplicative forcing.

1. Introduction

When an oscillatory system is driven by an external periodic

force, the system dynamics can lock with resonant multiples of

the driving frequency, resulting in frequency locking.1 The

analogue of frequency locking in spatially forced pattern-

forming systems is wavenumber locking.2 An interesting

feature predicted for spatially forced patterns is resonant

response in two or three dimensions even if the forcing is

one-dimensional.2,3 Spatial periodic forcing has been studied

in a variety of systems including Rayleigh–Bénard4 and Bénard–

Marangoni convection,5 nonlinear optical systems6 and nematic

liquid crystals.7

Systems that are governed by reaction–diffusion processes

and form patterns can exhibit frequency-locking phenomena

when spatially uniform temporal forcing is applied.8 Experiments

with a light-sensitive oscillatory chemical reaction revealed

various frequency locking regimes with 2 : 1, 3 : 2, 3 : 1, and 4 : 1

ratios between the forcing and the natural frequencies.9,10 A

chemical system may also exhibit resonant pattern suppression

when stationary spatial patterns are exposed to spatially uniform

temporal forcing.11

The chlorite–iodide–malonic acid (CIMA) and the chlorine

dioxide–iodine–malonic acid (CDIMA) reaction–diffusion

systems have been used for about two decades in the study

of Turing pattern (TP) formation.12,13 The photosensitivity of

the CDIMA system14 has been employed to investigate the

forcing of TP.15–20 The forcing of labyrinthine TP using

illumination through stripe masks has been studied previously17

and the TP growth dynamics, including stripe splitting and

formation of zigzag patterns, has been investigated in this

system. The main focus of that study was the TP relaxational

dynamics after removal of forcing by illumination.

In this work we investigate wavenumber locking of TP in

the CDIMA reaction with constant illumination through

one-dimensional stripe masks with white light. We are interested

in what type of stable resonant TP emerge and in the structure

of the forcing amplitude vs. forcing wavelength parameter space.

2. Experimental

The reaction was carried out in a one-sided continuously-fed

unstirred reactor (CFUR). The reactor consisted of a 2%

agarose gel (Fluka, thickness 0.3 mm, working area 25 mm

diameter) placed between an impermeable glass window and a

continuously-fed stirred tank reactor (CSTR) serving as a

feeding chamber. Between the CFUR and the CSTR were

two membranes: a cellulose nitrate membrane (Whatman,

pore size 0.45 mm, thickness 0.12 mm) beneath the gel for

enhanced contrast, and, to provide rigidity to the gel and to

separate it from the intensively stirred feeding chamber, an
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anopore membrane (Whatman, pore size 0.2 mm, impregnated

with 4% agarose gel, overall thickness 0.10 mm) placed

underneath the cellulose nitrate membrane. The reactor assembly

was thermostated at 4 1C.

Three reagent solutions: (i) I2 (Aldrich), (ii) a mixture of

malonic acid (MA, Aldrich) and poly-(vinyl alcohol) (PVA,

Aldrich, average molecular weight 9000–10 000); and (iii) ClO2

prepared as described in ref. 21; were fed into the feeding

chamber by three peristaltic pumps (Rainin). The PVA is a

binding agent for triiodide ions and also acts as a colour

indicator. Moreover, it diminishes the effective diffusivity of

iodide, which is required for Turing patterns.12 The initial

concentrations of constituents (at the instant of mixing in the

feeding chamber) were the same in all experiments: [I2] = 0.4 mM,

[MA] = 1.8 mM, [ClO2] = 0.14 mM, and [PVA] = 10 g l�1.

Each of the input solutions contained 10 mM sulfuric acid.

The residence time of the reagents in the CSTR was 160 s.

The spatial forcing was implemented by projecting images

of parallel black and gray stripes on the working medium with

a PC-controlled LCD projector (NEC VT 770). These images,

or masks, had a square-wave intensity profile perpendicular to

the stripes and were previously referred to as ‘‘on–off’’

masks.15 In this arrangement, the wavelength of the stripe

image, lF and the light intensity projected through the ‘‘on’’

section of the mask (I0) were the two control parameters. The

intensity of light passing through the ‘‘off’’ part was slightly

higher (2.0 mW cm�2) than that of ambient light (0.6 mW cm�2).

The light intensity of different gray levels and ambient light at

the CFUR was measured with a power meter (Newport 1815-C).

A CCD camera (Pulnix) equipped with a Hamamatsu camera

control unit was used to record images of TP. Snapshots were

taken in ambient light, with no image cast on the CFUR.

3. Experimental results

The stationary TP in the CFUR developed within 2–3 hours

after the start of feeding the reactants into the CSTR. For the

aforementioned initial reactant concentrations, the TP consisted

mainly of stripes with a few spot defects. The presence of spot

defects is important in the formation of resonant two-dimensional

patterns, as we discuss later. These patterns displayed no

symmetry but rather consisted of a combination of short stripe

segments with arbitrary orientation. A typical example of such

an arrangement, called a labyrinthine pattern, is shown in

Fig. 1. From the Fourier spectra of these spontaneously

formed patterns, the natural wavelength of the stationary

labyrinthine TP was evaluated as lP = 0.45 � 0.05 mm.

The patterns were then illuminated with strong uniform

white light with intensity Imax = 70 mW cm�2 for 5 min.

The purpose of this illumination was to produce identical

initial conditions for all experiments by suppressing the

spontaneously formed patterns before applying any spatial

forcing. After pattern suppression, a grayscale image of a

stripe mask was projected onto the working gel, and the TP

formation under this spatial forcing was investigated for

forcing wavelengths between 0.6lP and 2.7lP.
If the forcing was very weak (I0 o 4 mW cm�2), the

illumination had no visible effect on the formation of TP,

and labyrinthine patterns developed as in an unforced system.

When lF was close to the natural wavelength (0.9lP o lF o
1.2lP), the illumination led to the formation of ordered stripes

in a broad intensity range (I0 Z 4 mW cm�2) and 1 : 1

wavenumber locking was observed.

For lF outside this narrow range near the 1 : 1 resonance,

the patterns followed the orientation of the mask and the TP

locked with the forcing wavelength only when the light

intensity was higher than 14 mW cm�2, as shown in Fig. 2a.

Within the light intensity range 4mW cm�2o I0o 12 mW cm�2,

the forcing was not sufficient to produce 1 : 1 wavenumber

locking, but was still strong enough to influence the pattern

formation. In this domain, referred to as the ‘‘weak forcing’’

domain, pattern development was highly sensitive to the

intensity and wavelength of forcing.

When the forcing wavelength was slightly larger than half of

the natural pattern’s wavelength (lF B lP/2) and the light

intensity, I0, was between 11 and 14 mW cm�2, we observed

the formation of patterns in 2 : 1 resonance with the forcing.

This forcing, however, did not yield the ordered stripe pattern

we saw in the case of 1 : 1 wavenumber locking. Instead, it led

to TP composed of short line segments lined up along their

long axes in rows aligned with the imposed thin bright stripes

of the mask. The segments were out of phase in adjacent rows,

which resulted in a discontinuous oblique pattern (Fig. 2b).

The Fourier spectrum of the pattern seen in Fig. 3a confirms

our visual assessment, with the four major peaks located at

wavenumbers ky = �kF (kx = 0) and at ky = �kF/2 (kx a 0),

where kF is the forcing wavenumber.

Increasing the light intensity I0 above 14 mW cm�2 in

the domain lF B lP/2 led to asymmetric non-resonant

patterns. To obtain 1 : 1 locked patterns, strong illumination,

I0 4 30 mW cm�2, was required.

When lF was increased to about 0.85lP and the light intensity

fell in the range of 7 mW cm�2 o I0 o 11 mW cm�2 we found

another 2 : 1 resonant pattern, made up of hexagonally arranged

spots. This hexagonal pattern, seen in Fig. 2c, developed similarly

to the rectangular patterns, by the breakup of the imposed lines

into spots. The hexagonality of the arrangement is demonstrated

in the corresponding Fourier spectrum (Fig. 3b).

Fig. 1 Spontaneously formed labyrinthine Turing patterns in the

CDIMA reaction in a continuously fed unstirred reactor. The initial

concentrations and other parameters are given in the Experimental

section. The diameter is 20 mm.
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In both the oblique and the hexagonal resonant TP, the

illuminated lines broke up into the corresponding structures,

which then remained stable as long as the forcing was

maintained. These forced patterns often exhibited irregularities

that, in some cases, gradually vanished; however, occasionally

they persisted throughout the duration of experiment. The

most common form of this symmetry breaking was a tendency

of spots or segments to interconnect into oblique stripes.

Additionally, the 2 : 1 resonant patterns can display a defect

of non-uniform segment length.

When lF 4 1.2lP other resonant patterns were obtained

with weak forcing. The zigzag instability arose near the ratio

lF/lP = 1.5, and zigzag patterns formed (Fig. 2d). In the

vicinity of lF = 2lP bright illuminated regions expanded and

developed into pairs of distinct stripes (Fig. 2e). The resulting

pattern corresponded to 1 : 2 wavenumber locking. At longer

forcing wavelengths, white spots or line segments appeared in

the dark areas in between the illuminated regions. With

increasing lF, first a line of spots then a stripe developed, as

shown in Fig. 2f and g, respectively. We also observed 1 : 3

wavenumber locking for lF = 2.7lP at low light intensities

(3 mW cm�2 o I0 o 4 mW cm�2).

Our experimental results are summarized in the phase

diagram shown in Fig. 4. The largest domain in the diagram

is occupied by the 1 : 1 resonant stripe pattern, while other

resonant patterns, including 2 : 1 and, 1 : 2, are confined to

much smaller domains. Non-resonant asymmetric patterns are

obtained mainly for short wavelengths and weak forcing.

4. Simulations

We employed the modified Lengyel–Epstein22 (LE) model that

takes the effect of illumination into account:14

@u

@t
¼ a� u� 4

uv

1þ u2
� wðyÞ þ r2u

@v

@t
¼ s b u� uv

1þ u2
þ wðyÞ

� �
þ dr2v

� � ð1Þ

Fig. 2 Turing patterns in the CDIMA reaction with one-dimensional

spatial periodic forcing using stripe ‘‘on–off’’ masks. (a) 1 : 1 resonant stripe

pattern: lF = 1.5lP, I0 = 21.3 mW cm�2; (b) 2 : 1 resonant oblique

pattern lF = 0.6lP, I0 = 12.0 mW cm�2; (c) 2 : 1 resonant hexagonal

pattern: lF = 0.85lP, I0 = 10.9 mW cm�2. (d) zigzag pattern:

lF = 1.5lP, I0 = 7.5 mW cm�2; (e) 1 : 2 resonant stripe pattern

lF = 2.0lP, I0 = 4.5 mW cm�2, (f) resonant mixed stripe–spot

pattern lF = 2.5lP, I0 = 7.5 mW cm�2. (g) 1 : 3 resonant pattern:

lF = 2.7lP, I0 = 4.5 mW cm�2. Snapshot area is 5 mm � 5 mm.

A portion of the corresponding mask is displayed next to each

snapshot. All masks are periodic in the y-direction and uniform in

the x-direction. Snapshots were taken 2 hours after the start of forcing.

Fig. 3 2D Fourier spectra of two-dimensional 2 : 1 resonant patterns.

(a) Spectrum of the oblique pattern shown in Fig. 2b. (b) Spectrum of

the hexagonal pattern seen in Fig. 2c. The gray levels of the dots

represent the Fourier peak sizes. The darkest dots display the highest

peaks in the 2D spectrum.

Fig. 4 Phase diagram for TP in the CDIMA reaction under one-

dimensional spatial forcing with a square-wave intensity profile: oblique

patterns (’), hexagonal patterns (E), 1 : 1 locking (J), zigzag pattern (D),
TP with 1 : 2 locking (+) and asymmetric non-resonant patterns (�).D
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where u and v are dimensionless concentrations of iodide and

ClO2
� ions, respectively; a, b, d, s are dimensionless para-

meters, and w(y) denotes the rate of the photochemical reac-

tion. In the present study, w is a one-dimensional periodic

function of the spatial y-coordinate and is independent of the

x-coordinate. The fixed parameters used here were: a = 12,

d = 1, and s = 50. For b = 0.32, labyrinthine TP similar to

those seen in experiments are obtained. The function w(y) is

designed to reproduce the square-wave intensity profile of the

‘‘on–off’’ masks used in experiment:

w(y) = w0 for 0 o y r 0.5lF (mod lF)

w(y) = 0 for 0.5lF o y r lF (mod lF) (2)

The model equations were solved numerically with the explicit

Euler method with a fixed time step of 0.001 time units and

zero-flux boundary conditions. The grid was 256 � 256, and

the grid spacing 0.5 space units (s.u.) in most of our simula-

tions. We chose random initial conditions by setting both

variables to their unstable steady-state values and introducing

a small perturbation to u at each grid point.

5. Numerical results

In order to mimic our experiments, we varied the forcing

wavelength (lF) and amplitude (w0); the former between 0.4lP
and 2.7lP, the latter in the range 0.1 r w0 r 1.25. When the

forcing was very weak, i.e. w0 r 0.1, 1 : 1 wavenumber locking

was obtained only when lF was close to the natural wave-

length. The initial random perturbations did not affect the

symmetry of the asymptotic state, and ordered stripe TP with

wavelength lP = lF quickly developed and did not change

when the forcing was applied for longer times. If the forcing

wavelength deviated from the natural pattern wavelength,

weak forcing led to the formation of non-resonant labyr-

inthine TP. At higher forcing amplitudes (w0 Z 1.2) the 1 : 1

wavenumber-locked pattern was found over a wide range of

forcing wavelength. A typical example of the 1 : 1 resonant TP

obtained in simulations is shown in Fig. 5a.

Numerical simulations revealed that for forcing wavelength

lF slightly larger than half of the natural wavelength the

oblique resonant pattern developed for 0.3 r w0 r 0.5

(Fig. 5b). As in experiment, this unique type of 2 : 1 resonant

pattern also occurred within a rather small range of forcing

parameters. When the forcing amplitude was decreased

slightly (w0 o 0.4), hexagonal patterns developed (Fig. 5c).

The Fourier spectra of the numerically obtained oblique and

hexagonal patterns are presented in Fig. 6.

Our simulations also suggest the existence of a rectangular

2 : 1 resonant pattern for lF E 0.6lP at intensities 0.5 r w0 r
0.8. In this case, the forced uniform state evolved into a

wavenumber-locked TP largely similar to the oblique patterns.

Both are composed of ordered line segments, although the

pattern seen in Fig. 7a appears to have higher symmetry. The

difference between the two becomes more evident by compar-

ing the power spectra (Fig. 7b and 6a).

Zigzag patterns developed for forcing wavelengths slightly

larger than the intrinsic wavelength when the amplitude of

forcing was in the range 0.1 r w0 r 0.25 (Fig. 5d). When lF

was further increased (Fig. 5e–g) and was close to 2lP the 1 : 2

wavenumber locked stripe pattern developed and became

stable. For a forcing wavelength nearly three times longer

Fig. 5 Turing patterns in the LE model with stripe one-dimensional

spatial periodic forcing. (a) 1 : 1 resonant stripe pattern: forcing wave-

length, lF = 1.5lP and forcing amplitude, w0 = 1.0; (b) 2 : 1 resonant

oblique pattern: lF = 0.6lP, w0 = 0.58; (c) 2 : 1 resonant hexagonal

pattern: lF = 0.82lP, w0 = 0.1; (d) zigzag pattern: lF = 1.3lP, w0 = 0.1;

(e) 1 : 2 resonant stripe pattern: lF = 1.7lP, w0 = 0.5; (f) resonant mixed

stripe–spot pattern: lF = 2.3lP, w0 = 0.6; (g) 1 : 3 resonant stripe pattern:

lF = 2.5lP, w0 = 0.6. A portion of the corresponding mask is displayed

next to each snapshot. Frame size is 75 � 75 s.u.; lP = 6.9 s.u.

Fig. 6 Results of 2D Fourier transform of the 2 : 1 resonant patterns

in the LE model. (a) Spectrum of the oblique pattern shown in Fig. 5b.

(b) Spectrum of the hexagonal pattern presented in Fig. 5c.
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than the intrinsic wavelength, a 1 : 3 stripe locked regime

developed. Numerical results are summarized in the phase

diagram in Fig. 8.

6. Discussion and conclusions

Our experimental and numerical results confirm that time-

independent one-dimensional spatial periodic forcing of TP in

the CDIMA reaction leads to diverse types of resonant

wavenumber locking patterns. One of the key outcomes of

this study is that the 1 : 1 stripe pattern is resonant over a very

wide range of forcing amplitude and wavelength parameters.

Smaller domains of stripe patterns were found with 1 : 2 and

1 : 3 wavenumber locking resonances. Two-dimensional

segmented oblique, hexagonal and rectangular resonant

patterns were also revealed. These findings demonstrate that

two-dimensional resonant patterns can arise as a result of

one-dimensional spatial forcing, as predicted by Manor et al.2

Their theoretical prediction based on normal form amplitude

equations supported by numerical simulation of a forced

Swift–Hohenberg (SH) model suggests that rectangular and

oblique resonant patterns are produced in a wide range of

forcing wavelength and amplitude, including vanishingly small

forcing amplitude. However, the two-dimensional resonant

patterns obtained in our system are stable only in very narrow

ranges of the forcing parameters. The difference between our

results and those reported in ref. 2 may be explained by the

nature of the forcing.

In the model of the light-sensitive CDIMA system, the effect

of illumination is incorporated through a reaction mechanism

in which iodine atoms, produced by the first order photo-

dissociation of molecular iodine, initiate the production of

chlorite via consumption of iodide.14 Note that the forcing

term is additive in the model (eqn (1)) and that Manor et al.2

use multiplicative forcing in their study. With additive forcing

a periodic stripe pattern is the typical resonant pattern, and

two-dimensional resonant patterns (oblique, rectangular, or

hexagonal) are relatively rare. In fact, we discovered that, in

order to obtain the two-dimensional resonant patterns in the

CDIMA reaction, the chemical parameters should be selected

so the unforced labyrinthine TP displays a small number of

spot defects (see Fig. 1). This implies that the two-dimensional

resonant patterns can be produced by additive forcing in the

domain of stripe (labyrinthine) TP only near the regime of

hexagonal TP. The small shift in the parametric space is

necessary for the activation of wave vectors silent in the stable

stripe regime, which can now participate in the evolution of

TP under weak forcing. As a result, a stripe (labyrinthine)

pattern is able to adjust in two dimensions to one-dimensional

spatial forcing, leading, even for additive forcing, to segmented

oblique, rectangular and hexagonal TP for lF within the range

of 0.5lP to 0.85lP.
When the forcing wavelength is near the intrinsic

wavelength, lP and 2lP, the forcing of TP in the CDIMA

reaction–diffusion system leads to one-dimensional resonant

behaviour, as the corresponding resonant patterns (Fig. 2a

and e) can develop within the single wavevector framework.

Our numerical simulations using the LE model of the

CDIMA reaction with a light-sensitive additive term corroborate

the results and tendencies observed in the experiments.

One-dimensional resonant stripe patterns were also obtained

in a wide range of forcing wavelength for lF 4 lP. Two-
dimensional resonant patterns were found for the stripe

(labyrinthine) TP close to the region of hexagonal patterns

in the unforced system. As in the experiments, these patterns

were only obtained in relatively narrow ranges of the forcing

amplitude and wavelength parameters. When parameter b was

decreased to 0.30 or less, one-dimensional forcing failed to

produce two-dimensional 2 : 1 resonant patterns.

These findings, both experimental and numerical, illustrate

that additive forcing can trigger a two-dimensional resonant

response to one-dimensional forcing only when the unforced

system is near the boundary of the hexagonal domain.

However, when multiplicative, one-dimensional forcing is

applied to a system, a two-dimensional resonant response is

obtained in a much wider range of forcing parameters for any

stripe pattern, as the results of the normal form analysis of the

periodically forced SH model demonstrate.2

Future efforts may include the experimental and theoretical

investigation of two-dimensional additive forcing of stripe

patterns and the normal-form analysis of resonant patterns

in the bistable regime between the stable stripe and spot domains.

Forcing three-dimensional TP is an entirely uncharted area

Fig. 7 Rectangular pattern in the LE model (a) and its spatial

Fourier transform (b). Parameters are listed in the Numerical results

section.

Fig. 8 Phase diagram for patterns in the LE model under one-

dimensional spatial forcing with square-wave intensity profile:

rectangular-oblique domain (’), hexagonal patterns (E), 1 : 1 locking

(J), zigzag pattern (D), TP with 1 : 2 locking (+), stationary patterns

exhibiting 1 : 3 locking (�), asymmetric patterns (�).
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and is likely to produce new patterns that are not simple

extensions of TP in the plane. The photosensitive Belousov–

Zhabotinsky reaction dispersed in oil seems to be a feasible system,

as its non-photosensitive version has recently been successfully

utilized to study 3D stationary patterns.23 It might also be

worthwhile to explore how multiplicative forcing could be

achieved in a chemical system, which would likely involve the

search for new reactions producing TP responsive to multiplicative

forcing and/or plausible ways to modify the CDIMA reaction.
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